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ARTICLE INFO ABSTRACT

Keywords: In modern composite design, superior macroscopic mechanical properties can be achieved by optimizing

Reduced order model the microstructures of materials. However, the direct prediction of the microstructure-property relationship

Tra“Sfer_leaming under nonlinear conditions through numerical methods can be inefficient or imprecise. In this study, a

;Z';?g:::s transfer learning strategy based on the reduced order model (ROM) was proposed, offering an enhanced and
L rapid prediction of the mechanical responses of composite materials under nonlinear conditions. Initially,

Homogenization

an extensive training dataset was generated by applying the ROM, used to pre-train the neural network
model. Following this, a few data calculated from full-order finite element models were leveraged to fine-
tune the network parameters. This approach exploits the efficient data generation capability of the ROM, with
its potential computational inaccuracies in nonlinear scenarios mitigated, leading to an improvement in the
accuracy and efficiency of the surrogate model. Numerical examples of a nonlinear hyper-elastic material with
inclusions were examined, revealing that the computational cost in the offline stage of the transfer learning
method is only half that of traditional neural network models, and it enable near real-time predictions in the
online stage. Notably, it was shown that the accuracy loss of the developed surrogate model in scenarios of
strong non-linearity is significantly less than that of the ROM. This method presents an innovative pathway
for the swift and accurate evaluation of the effective mechanical properties of composite structures, with the
potential to offer valuable insights for related methodological research.

1. Introduction For linear multiphase composites with simplistic microstructures, a

variety of effective techniques have been established. However, these

As modern materials face growing demands for enhanced perfor-
mance, reliability, and cost-efficiency, the study of composite materials
has received significant attention due to their exceptional properties.
Consequently, an increasing number of researchers are devoting their
efforts to exploring innovative design methodologies. One of the fun-
damental goals of composite material design lies in augmenting the
macroscopic mechanical response of the material through sophisti-
cated microstructure design. If the correlation between microstructural
characteristics and macro-scale effective mechanical properties can be
effectively delineated, it will not only expedite simulations of composite
materials with complex microstructures, but also facilitate a deeper
understanding of how interactions among different microstructural
components affect macroscopic properties. Ultimately, this understand-
ing could propel the discovery and design of next-generation composite
materials.

At present, the study of the mechanical properties of composite
materials is primarily dominated by homogenization methods [1-3].
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homogenization methods confront significant challenges when address-
ing nonlinear issues [4-7], such as nonlinear elasticity, elastoplasticity,
viscoelasticity, and creep, particularly in the context of path-dependent
problems [8]. Analytical methods can yield satisfactory results when
applied to scenarios with relatively simplistic microstructures and ma-
terial characteristics. However, they tend to be inadequate when faced
with complex microstructures or sophisticated material behaviors, such
as localized plastic deformation. As a result, researchers typically opted
for a suitable representative volume element (RVE), upon which numer-
ical models were constructed to probe and delineate the macroscopic
mechanical properties of materials. Given that the RVE model statisti-
cally echoes the microstructural morphology of the composite material,
it can provide a precise representation of the composite’s macroscopic
mechanical properties.

The finite element method (FEM) is a widely employed numeri-
cal technique in the field of composite materials science due to its
broad applicability [9]. In this method, the RVE is discretized, and
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periodic boundary conditions are defined. Subsequently, the RVE equi-
librium equation, which satisfies the Hill-Mandel condition, is solved
to determine the effective macroscopic response of the composite ma-
terial through the process of homogenization. However, the FEM has
limitations in terms of computational expenses and numerical complex-
ities. Specifically, when dealing with nonlinear problems, the computa-
tional cost significantly increases due to the large number of iterative
operations required to obtain an accurate macroscopic response [10].
In recent years, the ROM has emerged as a research hotspot, pro-
viding a resolution to the significant computational costs associated
with FEM simulation based on the FOM. The ROM enhances compu-
tational efficiency by strategically simplifying certain microstructural
features and decreasing the degrees of freedom. To date, ROM meth-
ods such as Non-Uniform Transformation Field Analysis (NTFA) [11,
12], Self-Consistent Cluster Analysis (SCCA) [13], Principal Component
Analysis (PCA) [14], Principal Orthogonal Decomposition (POD) [15,
16], and Principal Generalized Decomposition (PGD) [17-19] have
yielded promising results. While ROMs can achieve acceleration effects
ranging from 10 to 100 times, it often encounters a trade-off between
accuracy and computational cost when dealing with nonlinear issues.
For instance, under nonlinear conditions, NTFA not only requires fur-
ther refinement of empirical rules but also mandates an extensive
exploration of the sampling space, leading to increased computational
effort during the offline phase. Although SCCA partially mitigates these
limitations of NTFA, it still displays a degradation in accuracy under
strong nonlinearity. The POD method, grounded in snapshot technol-
ogy, defines principal components by employing linear combinations of
input variables to predict macroscopic mechanical responses under gen-
eral load conditions. However, when addressing nonlinear problems,
the POD method can exhibit accuracy losses and may even fail under
high nonlinearity. To accurately portray nonlinear behavior, the POD
method necessitates an increase in snapshot quantity, thereby ampli-
fying the offline computational costs [15]. Apart from ROMs, the fast
fourier transform method has also been utilized to augment computa-
tional efficiency [20,21]. However, its widespread application remains
constrained due to challenges encountered in parallelization [22].
Although most of ROMs can expedite computational efficiency,
they are still computationally intensive for homogenization problems,
particularly when dealing with nonlinear macro-micro scale coupling
issues, resulting in significant computational costs. To improve com-
putational efficiency in the online stage and accuracy under nonlinear
conditions, an increasing number of material scientists are attempting
to develop data-driven methods. For several decades, simulations and
design of heterogeneous materials were commonly based on physical
models. However, traditional physical modeling approaches face many
challenges when dealing with complex systems. Recently, data-driven
methods better address these challenges and enhance efficiency in
material design through analysis of existing experimental or simulated
datasets. Specifically, in homogenization problems, Yvonnet and col-
leagues [23] proposed a numerical explicit potential (NEXP) method,
which constructs macroscopic constitutive relationships via interpola-
tion of a multitude of sampling points in strain space for nonlinear
elastic materials, significantly improving online stage computational
efficiency. In recent years, the NEXP has made a further advance-
ments [24,25] and has been applied to topology optimization [26].
However, the vast computational load during the offline stage of the
NEXP severely limits its broader application. To tackle this issue, re-
searchers combined the NEXP with ROMs [27], introducing a two-stage
data-driven method known as radial NEXP (RNEXP). The RNEXP gen-
eralizes to concentric interpolation method [28], substantially reducing
offline stage computational costs at the expense of some accuracy, and
nearly achieving real-time predictions in the online stage. Nevertheless,
it should be noted that if simulations based on ROMs fail, predictions
from the RNEXP would also fail. Importantly, the RNEXP is primarily
geared towards materials modeled by potential functions, such as hy-
perelastic materials — the material class of choice in this study — making
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it well-suited for capturing their behavior. Nonetheless, its applicability
may be limited for materials that cannot be succinctly described by
strain energy density functions.

In the field of data-driven computational mechanics, machine learn-
ing methods receive wide attention, which establishes mappings be-
tween the input and output of samples, enabling the rapid assessment
of the mechanical properties of composite materials. Presently, various
machine learning methods such as artificial neural networks [29-
32], support vector machines [33], adversarial neural networks [34],
Gaussian regression [35], and convolutional neural networks [36] have
yielded impressive results in the field of mechanics. However, it is
essential to note that despite their rapid prediction capabilities, these
methods might suffer from significant inaccuracies due to limited sam-
ple resolution. Additionally, machine learning requires extensive pre-
processing of data, leading to high computational costs during the
offline stage. Consequently, if the quantity of offline datasets is limited,
the precision of the predictions may be compromised. In an attempt
to enhance the prediction accuracy of neural network models, Fritzen
et al. [37] proposed an adaptive algorithm. This algorithm facilitates an
adaptive switch between artificial neural networks and reduced order
models, thereby improving prediction accuracy. However, it has to be
noticed that under conditions of severe nonlinearity, ROMs might fail,
in which condition the accuracy cannot be guaranteed.

Amidst these developments, transfer learning emerges as a novel
approach that promises to mitigate some of these issues. Originally a
key technique in domains such as image processing, where it has been
applied to great effect, transfer learning is now finding its place in com-
putational mechanics. It has been shown to reduce dependence on large
volumes of high-fidelity data and thus potentially lower the computa-
tional demands associated with machine learning’s offline phase [38].
In image processing, for instance, researchers have uncovered through
meticulous study that shallow layers of convolutional neural networks
usually represent fundamental features such as edges and corners [39].
It has been further revealed that leveraging the general feature ex-
traction ability of pre-trained shallow networks can be advantageous,
improving predictive performance while simultaneously reducing the
need for extensive domain-specific datasets [39,40]. Yosinski et al. [41]
expanded upon this by showing that the success of transferring knowl-
edge from one network to another is influenced by the extent to which
layers are adapted or refined. Following the footsteps of image process-
ing, the methodology of transfer learning has been recently extended
to the field of computational mechanics, particularly for predicting
microstructural properties [42] and analyzing microscopic images [43],
with notable success.

This study proposes a transfer learning approach based on the
ROM to tackle the challenge of accuracy degradation amidst strong
nonlinearity. The scheme progresses through three core stages. To
begin with, the ROM is constructed using the data derived from the
FOM. Next, the ROM aids in pre-training the neural network structure,
and the parameters of the preliminary (or shallow) layers are fixed after
pre-training. In the last stage, the parameters of the deep layers are
fine-tuned using a limited number of computationally expensive FOM-
based simulation results, thereby refining the parameters of the deep
network. The incorporation of the transfer learning neural network
yields a noteworthy enhancement in prediction accuracy relative to
the pre-training network, effectively alleviating the degradation of
accuracy in situations dominated by strong nonlinearity. Furthermore,
this technique accelerates computations during the online phase and
dramatically boosts the computational speed during the offline phase.

The organization of this paper is structured as follows: In Section 2,
the hyperelastic homogenization problem is reconceptualized as a min-
imization problem, with the POD serving as an exemplar of ROMs. The
ROM is deployed to generate a substantial volume of dataset for subse-
quent pre-training. It should be noted that this strategy is applicable to
diverse ROM approaches and is not confined to any particular method.
The transfer learning approach is introduced in Section 3, where the
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network architecture is outlined, and the technique of freezing the fully
connected layers is employed as the chosen transfer learning strategy
for this investigation. Numerical examples for two-phase hyperelastic
materials are presented in Section 4. Finally, conclusions are made in
Section 5.

In this work, Voigt notation is introduced for second-order and
fourth-order symmetric tensors. This notation permits the conversion
of strain and stress from a second-order symmetric tensor into an
equivalent first-order tensor (vector). Similarly, the transformation of
stiffness, a fourth-order symmetric tensor, into a second-order tensor
(matrix representation) is enabled. For the sake of clarity, bold symbols
are utilized to represent tensors. Strain and stress are represented by
€ and o, respectively, while stiffness is denoted by C. Macroscopic
quantities are signified with an overline, such as macroscopic stress
©, macroscopic strain €, macroscopic displacement u, and macroscopic
area Q. Mesoscopic quantities, which are represented without an over-
line, include mesoscopic stress ¢, mesoscopic strain &, mesoscopic
displacement u, and mesoscopic area Q.

2. Reduced order model

The computational complexity poses a primary challenge when
applying the finite element method to computational homogenization
problems. In practical engineering applications, particularly in scenar-
ios involving complex microstructures, intricate geometric configura-
tions, various loading conditions, and nonlinear material properties,
the extensive degrees of freedom inherent in the finite element method
lead to significant computational costs. Hence, the integration of ROMs
emerges as a critical approach to mitigate the computational expenses
associated with these challenges. By effectively reducing the problem’s
dimensionality while capturing essential features, ROMs offer a promis-
ing avenue to achieve computational efficiency without compromising
accuracy in tackling such complex scenarios.

The computational efficiency of the ROM is significantly enhanced
by constructing of a reduced-order basis for displacement or strain.
Typically, the acceleration efficiency is observed to range from 10 to
100 times, leading to the extensive application of the ROM in the
multi-scale simulation of composite materials. Such applications have
rendered the ROM a popular surrogate model, especially in the context
of dissipative and pseudoplastic materials [27,44]. In the present study,
the ROM approach as utilized in [27] was employed, wherein the strain
field was decomposed using the POD method for order reduction. It is
important to note that the currently developed strategy, built upon the
transfer learning method, is not confined to a specific order reduction
technique.

The development of the present order-reduction method with POD
is based on an energy perspective, through which the corresponding
formulas can be derived. It is assumed that the composite material
studied contains two phases (r): a hard material and a soft matrix
material, which correspond to r = 1 and r = 2, respectively, and the
free energy density is denoted as W,(¢). As a result, the corresponding
stress and stiffness of phase r can be defined as

oW (e) _PW'(e)
T oe T ooe2

In order to calculate the effective properties of the RVE according to the
homogenization theory, it is necessary to define the averaging operator:

o’

, T @

I
()= |9|/g av. @

The calculation of the average free energy density W (g) first requires
the definition of the characteristic function X" (x) of the phase r in the
region Q as follows:

1 @
x'(x)={0 i;g , ®3)
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where the spatial region of phase r is denoted as Q". Therefore, the
average free energy density W () in the region 2 can be expressed as

W) = L / X ()W (e(x))dV . 4
2| Jo

Ultimately, the macro-scale effective stress & and stiffness C required
for the calculation of macro problems can be defined as

oW (¢) T *W (e)

= _ 5
’ 0€ P )
The free energy density must satisfy the following equation according

to the principle of energy minimization,
SWE) =0= 5/ X'(x)W"(e(x))dV = 0. (6)
Q

Note that the present method diverges from the traditional POD ap-
proach by decomposing the microscopic strain fluctuation field instead
of the displacement field. The microscopic strain field € can be decom-
posed into mean strain € and fluctuating strain . Consequently, the
approximated reduced order solution can be written as

e=t+E=¢+EE, 7)

where E is the reduced order basis obtained through the snapshot
proper orthogonal decomposition, and & is the corresponding coef-
ficient vector for the reduced order basis. The coefficients £ that
minimize the energy can be solved using the Newton-Raphson iterative
method. As a result, the macroscopic stress ¢ of the ROM is given by

_ W@
c = —
o€
1 oW’ (€ + EE)
= — " (X) ———— 22 8
] /Q X' (x) > av 8

ﬁ /Qé\?’(x)o"(e(x))dV = (o).

The effective tangent stiffness can be calculated using the following
expression:

T=% _(cy-s".y" .z ©)
de

with

J=(ET CE), X=(E" C). (10)

The quality and effectiveness of the ROM highly depend on the
quality and quantity of high-fidelity snapshots, as well as the number
of reduced basis vectors. Therefore, it is essential to carefully choose an
appropriate snapshot sampling strategy to ensure a high-quality ROM.
In this study, a uniform direction sampling strategy was adopted, which
aligns with the sampling strategy commonly employed for training sets
in neural network models.

3. ROM-based transfer learning approach

ROMs are extensively employed for computational acceleration.
Yet, due to the inherently high computational cost of multiscale com-
putation, a more efficient surrogate model is typically required for
practical engineering computations. Recent studies [31,32] suggest
that employing artificial neural networks as surrogate models can
further enhance computational efficiency. However, machine learning
methods necessitate large datasets for training, and resorting to the
FOM for data generation results in prohibitive computational expenses.
Therefore, this work proposes a transfer learning strategy based on
ROMs, significantly reducing the size of datasets generated by the FOM,
while effectively mitigating the loss in accuracy of ROMs under strong
nonlinear conditions.
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Fig. 1. Transfer learning strategy.

3.1. Four-level surrogate models

In order to rapidly evaluate the microstructural mechanical prop-
erties of composite materials, Four-level surrogate models, based on
the ROM and the transfer learning strategy, were developed in this
work. These four levels include: the FOM, the ROM, a pre-trained
artificial neural network model (ANN_ROM) and a calibrated neural
network model (ANN_TL). As depicted in Fig. 1, each level has its
unique strengths and weaknesses, affording an opportunity to maximize
the computational efficiency and prediction accuracy.

« Level 1(FOM): the numerical FE solution of the RVE is obtained
under given boundary conditions using the FOM, serving as the
accurate solution and benchmark for assessing the accuracy of
solutions from the surrogate models.

Level 2(ROM): the reduced basis is generated based on the FOM,
upon which the ROM is established. The POD method was em-
ployed in the present study, although our method is not confined
to a specific type of ROM, as detailed in Section 2.

Level 3(ANN_ROM): a vast quantity of data is efficiently gen-
erated via the ROM, providing valuable data resources for pre-
training the neural network, despite these data potentially being
of slightly lower precision.

Level 4(ANN_TL): the pre-trained neural network is further fine-
tuned using a limited amount of high-precision FOM data.

The entire process can be divided into three stages: the generation
of the ROM based on the FOM in the first stage; the generation of
the ANN_ROM through pre-training the neural network with a large
amount of ROM data in the second stage; and fine-tuning the ANN_ROM
to obtain the ANN_TL using a limited amount of FOM data in the third
stage. During transfer learning, a similarity between the source domain
and target domain is required. In this context, the ROM dataset and
FOM dataset are fundamentally similar, thereby naturally satisfying

the requirements for transfer learning. Additionally, in the calculations
of FOM and ROM, the entire load range must be covered to avoid
underfitting results. To enable the ROM to adequately cover the en-
tire load space, and considering the high sensitivity of the prediction
model to low strain, a non-uniform sampling strategy was implemented.
This strategy increases sampling density at low strain amplitudes but
assumes a uniform distribution of sampling points in the direction
space. Fig. 2 presents a detailed illustration of the specific steps of the
transfer learning strategy employed in the present study. It reveals that
compared to the FOM, a greater number of load sampling points are
considered in the ROM, ensuring the quality of the pre-training model.
Moreover, during the transfer learning process, pre-training the neural
network is initially conducted in the source domain, followed by the
calibration and fine-tuning of the deep network parameters in the target
domain, with the shallow network parameters frozen.

3.2. Construction of surrogate model

To simplify the problem, this work focuses on a two-dimensional
plane strain problem. To differentiate between the datasets obtained
from the ROM and the FOM, the superscript “ROM” is added to the
dataset obtained from the ROM.

3.2.1. Network architecture

In the macro-micro scale coupling nonlinear multiscale computa-
tions, considerable iterations utilizing the Newton-Raphson method
are generally necessary, potentially invoking many millions of times
of RVE to evaluate the effective stress-strain constitutive relationships
at the micro scale. Resorting to the FOM, it would impose tremen-
dous computational costs. To mitigate this issue, this study opted for
the feed-forward neural network architecture as a surrogate model to
minimize computational load as much as possible. Although recurrent
neural networks(RNNs) outperform feed-forward neural networks in
handling historical dependency issues, they bear a higher training cost
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Fig. 2. Diagram of transfer learning.

and demand numerous input paths rather than sampling points for
model training. However, for the hyperelastic material problem under
investigation in this study, the output of the surrogate model only
depends on the effective strain under the current state, independent
of the loading history. Therefore, a feed-forward neural network satis-
factorily fulfills the requirements while maintaining a relatively lower
computational cost.

In the application of neutral network algorithms, the input and
output quantities generally need to be normalized to remove the scale
effect. The Z-score normalization method was employed in our work for
this purpose. Specifically, the following formula was used to normalize

the input vector g;;,

1

Std(E;)

£;; — mean(g;)
Ej=—0——

R (j=12,3,4), an

where gf ; represents the standardized macro-scale strain, ¢;; denotes the
Jjth macro-scale strain component of the ith sample point, mean(g;) and

Std(e;) represent the mean and standard deviation of the jth macro-
scale strain component in the training dataset, respectively. The output
quantity o;; can also be normalized in a similar way,

_ c;; — mean(c ;)

= . j=1,2,3,4).
Y Std( ) v )

(12)

an

3.2.2. Generation of datasets

In the present transfer learning approach, two datasets (the source
domain and the target domain) were generated. The source domain was
obtained by performing extensive sampling through the ROM, while the
target domain was generated by sampling using the FOM.

To improve the efficiency of sampling while ensuring comprehen-
sive coverage of the sampling space, the method proposed in [27] was
employed in this study. As suggested by Fritzen et al. [27], this method
is particularly adept at capturing the directional dependency of the con-
stitutive response. It also addresses the heightened sensitivity to strain
amplitudes, especially noticeable at lower levels. In this approach,
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the coordinates of the strain sampling points are segregated into two
parts: direction and amplitude, which are independently described.
Thus, unique sampling methods could be selected for the above two
function spaces, providing an improved sampling outcome. For the
strain direction sampling, the electrostatic repulsion effect is simulated
on a high-dimensional sphere to acquire uniformly distributed sampling
points in the strain direction, leading to N, strain directions N, ,j =
1,2,..., Ny, as per [27]. Detailed information on the strain direction
sampling method is available in [28]. For strain amplitude sampling, a
non-uniform method was employed, resulting in N,,,, strain amplitudes
Ek = 1,2,...,Nyp, A simple geometric series with parameters R
and E,, was used in the amplitude sampling as follows, enabling the
capture of strain dependence at low amplitudes.

Epy1 = Ex+4E,  (k=1,2,..., Ny, 13

where AE,, is the sampling amplitude increment that can be further
written as

AE = (1+RAE,,  (k=12.....N,,). (14)

> Namp

when k is set to 1, AE, is equal to E,. Furthermore, ENWP equals E,,,
when k is set to N,,,.
Finally, The strain corresponding to the ith sampling point can be

expressed as a combination of amplitude and direction as follows.

& = ExN¢ @5)
In a two-dimensional plane strain problem, the component form of the
strain can be expressed as:

E=(211,522,233,512) 16)

€11, €x represent the normal strain in the x, y direction, £,; represent
the normal strain in the z direction and is assumed to be 0 in plane
strain condition, £,, represents the shear strain in the x—y plane. The
dataset from the source domain, consisting of all the sample points
obtained from the ROM, is denoted as DROM,

o = 4 . -_TF
DROM = (Fe R €= E\N;,

k=1,2,...,NROM ;| 5 . NROM,

amp dir

a7

where NROM and NROM denote the numbers of amplitude and direc-
tion sampled from the ROM, respectively. The total number of sample
points in the source domain is denoted by #DROM,
ROM _ nyROM ROM

#DROM = NROM » N RC (18)
Similarly, the FOM dataset is represented as DO and its total number
of sample points is denoted as #DF OM  Additional information about
these parameters will be presented in the subsequent sections.

3.2.3. Pre-training neural network

A neural network architecture comprising n+2 layers was developed
in this work, where the first layer serves as the input layer, the final
layer as the output layer, and the others as fully-connected layers. For
the ith layer of the fully connected layers, given that the number of
its neurons is L®, the input vector is x¢~1 € RE“™" the output vector
is x» € RL”, the weight vector is w® € RI"XL" | the activation
function is 4, and the bias term is b € RL”, the output of this layer
can be represented as follows,

X = gO(@® xi=D 4 p@). 19

For the overall neural network structure, the input is x) = £ and the
output is x"*? = 5. In the macro-micro coupled multiscale compu-
tation, besides the computation of RVE’s equivalent stress, equivalent
stiffness information needs to be provided. In this work, the perturba-
tion method was employed to solve the tangent stiffness matrix. Thus,
differentiable activation functions are preferred. The present activation
function o) uses a hyperbolic tangent function tanh(x), achieving the
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neural network’s fitting of nonlinear data [23]. During the pre-training
process, the weight parameters w” and bias parameters b are de-
rived by solving an unconstrained optimization problem. Note that the
optimization algorithm relies on the chosen optimizer. The optimizer
adopted in this work is “Adam”, a variant of stochastic gradient descent
algorithms that can adjust the learning rate dynamically, which is
a popular optimizer for neural networks. Its pre-training process is
similar to training a standard artificial neural network. By training
the neural network with the “Adam” optimizer, a set of parameters
pre-trained based on the ROM data (weights w(li)o M and biases b(li)O M ),
i.e., ANN_ROM network parameters, can be obtained. If these param-
eters were used for direct prediction, the results would be almost
consistent with those obtained directly using the ROM computation.
However, the error might be significant compared to the results based
on the FOM computation in strong nonlinear problems.

3.2.4. Fine-tuning neural network
Fine-tuning the neural network within the transfer learning com-
prises two steps: (a) transferring and freezing the parameters from
non-fine-tuning layers; (b) further fine-tuning the parameters in the
fine-tuning layers. Given the significant similarity of problem types
and data between the source and target domains in the transfer learn-
ing practices, parameters from shallow layers in the neural network
(i.e., non-fine-tuning layers) exhibit notable transferability. Therefore,
the weight parameters w® and bias parameters b of layers preceding
the mth layer can be transferred and frozen, and only the parameters
within the fine-tuning layers require further tuning. This strategy aims
to enhance both the generalization capacity and training efficiency
of the neural network. Following the transfer learning method, the
parameters of the neural network are represented as
1 1 .
(@D, Dy = (w(i?)OM’b;zM) s m (20)
! b ) i>m,

trans fer’ “transfer

where w'? and »%)

ROM roy are the pre-trained neural network parameters

based on the ROM dataset, while the wﬁi) and b are the
X X rans fer trans fer
neural network parameters after fine-tuning based on the FOM dataset.

3.3. Error evaluation

To assess the accuracy of predictions from the surrogate model,
the accurate solutions o' ° derived from the FOM were taken as
reference, to which the solutions 4"V generated by the neural net-
work model were compared. The test dataset DZS was generated by a
uniform and random sampling method. The mean squared error (MSE),
mean relative norm error (MRNE), and regression coefficient Ri were
employed in this study to evaluate the quality of solutions produced by
the surrogate model.

[GFOM _5ANN
15"

MRNE = mean(RNE) = mean( ) 21
D;rs D;FS

MSE = mean(SE) = mean(||c* M — VN |2 (22)
pr's pr's

The regression coefficient R? denotes the concordance between
the surrogate model’s predicted solution and the full rrder model’s
reference solution. The regression coefficient will equate to 1, if and
only if the surrogate model’s predicted solution precisely matches the
reference solution in the test dataset.

4. Numerical validation of the surrogate model
4.1. RVE modeling
In this study, a composite material embedded with cylindrical inclu-

sions served as the validation objective. The hyperelastic base material,
used in this validation case, is sourced from Fritzen et al.’s work in [27],
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Table 1
Amplitude values from nonuniform sampling.
i 1 2 3 4 5 6 7 8 9 10
g %] 0.0751 0.1692 0.2866 0.4335 0.6170 0.8465 1.133 1.492 1.940 2.500
Table 2
Network architecture test with 5 layers.
Model ID Layers (L) Neurons/Layer Activation MRNE RrR?
function
ANNFOM 5 16 RELU 0.5892  0.9727
5 32 RELU 0.3753 0.9870
5 64 RELU 0.6599 0.9516
5 128 RELU 0.6324  0.8864
5 16 SP 0.4579 0.9775
5 32 Sp 0.2612  0.9824
5 64 Sp 0.2551  0.9813
5 128 SP 0.5353 0.9811
5 16 TANH 0.2232  0.9911
5 32 TANH 0.1152 0.9905
5 64 TANH 0.0692 0.9991
5 128 TANH 0.0852  0.9811
Fig. 3. Cylindrical fibers reinforced RVE. ANN_ROM 5 16 RELU 0.4999 0.9989
5 32 RELU 0.3288 0.9996
5 64 RELU 0.2292  0.9998
h db dul 5 128 RELU 0.5175 0.9999
I iz, its Young’s modulus E = 7 MPa, Poisson’s rati
characterized by its u g’s modulus : 0000 , Poisson’s ratio S 16 P 20799 09879
v = 0.3, reference strain ¢, = 0.01, yield stress 6, = 100 MPa, and 5 39 Sp 19829  0.9880
strain-hardening parameter p = 0.4. Elastic material with Young’s 5 64 Sp 1.4700  0.9988
modulus E = 400000 MPa and Poisson’s ratio v = 0.3 was utilized 5 128 Sp 1.0893  0.9993
as the inclusion. The stress—strain relationship of hyperelastic material 5 16 TANH 0.2541  0.9996
is often encapsulated by a strain energy density function, using for 5 32 TANH 0.2016  0.9999
defining the material’s non-linear elastic property. Within the current 5 64 TANH 01541 0.9999
5 128 TANH 0.0873  0.9999

RVE model, inclusions occupy a volume fraction of 20%, spread across
16 isotropically distributed spheres. A schematic of the RVE structure
is depicted in Fig. 3. The size of the RVE is chosen as 1 X 1 mm. The
meshing of the RVE was carefully designed to be fine enough to capture
behavior under large displacements. Periodic boundary conditions were
applied to the RVE to obtain more accurate results. It is noteworthy
that the proposed method is not confined to the RVE structures and
any other materials laws that can be represented by potential functions.
Therefore, the size dependency and inclusion number dependency of
the RVE will not be elaborated upon in this paper.

4.2. Construction of ROM

In this section, the effectiveness of POD-based reduced order ho-
mogenization method for fiber-reinforced composites is investigated.
Building upon the sampling strategy outlined in Section 3.2.2, an
example for a given number of loading steps k = 10, maximum strain
amplitude £,,, = 2.5% and constant R = 0.3 is given in Table 1.

The construction of ROM is detailed as follows:

« A total NROM = 320 snapshots were generated with 32 distinct
directions and 10 load increments(R = 0.3) each (cf. Table 1)
through finite element simulations based on the high-fidelity
RVEs.

POD technique was applied to the snapshots to extract the re-
duced bases with various numbers N of strain fluctuation modes
for the RVE.

The ROM was validated along 64 new independent directions
with new ten load increments(R = 0.25), resulting in NROM = 640
samples of G-

Fig. 4(a) illustrates the impact of varying reduced basis mode num-
ber N on the accuracy for a representative loading direction N, =
[-0.5771 0.5921 0 0.5624]. It is evident that as the mode number
increases, the predictions of the ROM become more accurate. Notably,
with N = 8 modes, the model already effectively captures the entire
nonlinear response of the system. However, Fig. 4(b) highlights an

intriguing phenomenon where the maximum error marginally rises
when N escalates from 8 to 256. This increment in error is likely due
to the overly oscillatory characteristics of higher-order modes within
the POD framework. Such modes, prone to numerical fluctuations,
may yield biased basis vectors, adversely impacting the stress response
predictions. Therefore, the selection of N is not merely a question of
increasing numerical values but involves a strategic consideration of
the model’s operational dynamics and the desired outcome’s accuracy.

4.3. ROM-based transfer learning

4.3.1. Network architecture

Although the accuracy of ROM is acceptable as discussed in Sec-
tion 4.2, in order to fully explore the proposed transfer learning strat-
egy, the least accuracy of ROM with mode N = 3 is specifically selected
to generate the ANN training dataset.

The strain space was sampled as described in Section 3.2.2. The

FOM dataset was sampled with parameters NFO™ =32 and NZOM =5,
ir amp

resulting in #DfOM = NJOM x NFOM = 160 data points. Similarly,
the ROM dataset was sampled with parameters NXO™ = 512 and

NROM = 25, resulting in a total of #DROM = NROM x NROM = 12800
strain data points as the input of network-training. The amplitude
series parameters for generating the input strain of FOM and ROM
datasets were set to R = 0.3 and ¢,,, = 0.025. Crucially, a valida-
tion dataset, constituting 20% of the total data (i.e., 0.2N firOM and
02N Lz? M rounded up to the nearest integer), was reserved for model
tuning and validation purposes. In addition, a test dataset DETS was
generated to evaluate the accuracy of the surrogate model. The number
of sample directions in the test dataset was NdTif = 256, and the number
of sample amplitudes in each direction was NaTmSp = 25, resulting in a
total of #D]S = N1 x N[5 = 6400 data points. The directions of test
dataset were sampled by a uniform and random sampling method. The
amplitudes sampling method of the test dataset is similar to FOM and
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10 100
Number of N[ -]

(b) Error comparison between various number of reduced

ent modes of ROMs. basis modes N.
Fig. 4. Comparison between FOM and ROMs.
Table 3 Table 4
Network architecture. Representative direction in the test dataset (dirTS).
ANN ID FCLxL?  NM o NEOM NEM NIOM FTL Loss function Direction ID £, £, £ £
ANN_FOM 5 x 64 - - 32 5 - mae dirTS —0.6557 0.6252 0 —0.4231
ANN_ROM 5x 128 512 25 - - - mae
ANN_TL 5x 128 512 25 32 5 1 mae

ROM dataset but the series parameters of the test dataset was set to
R =0.25 and ¢,,,, = 0.025 for unbiased comparison.

In order to illustrate the potential of the proposed ROM-based
transfer learning strategy, three different ANN models: ANN_FOM,
ANN_ROM, and ANN_TL, were constructed and trained for comparison.
An initial network architecture testing was conducted on the ANN_FOM
and ANN_ROM models due to the differing amounts of data available
for these models. This testing encompassed the exploration of different
architectural parameters, including the number of layers (L €3, ...,8),
the number of neurons per hidden layer (n! € 16,32,64,128,i €
1,..., L —1), and the evaluation of various activation functions (RELU,
SP, TANH).

The architecture of the ANN_TL model was designed to be similar
to that of ANN_ROM, based on the principles of transfer learning. In
our approach, the shallow layers of the ANN_TL were frozen while
the deeper layers were subjected to fine-tuning. This decision was
based on the understanding that in neural networks, shallow layers
generally capture more generic features which are broadly applicable
across different tasks, while deeper layers learn features that are more
specific to the particularities of the dataset. By freezing the shallow
layers, the ANN_TL model leverages the extensive ROM dataset to grasp
the general response of the nonlinear material behavior. Simultane-
ously, the deeper layers are fine-tuned using a smaller, high-fidelity
FOM dataset, enhancing prediction accuracy. The implications of these
hyperparameters are further discussed in Section 4.5.

Results of 5 layers from the initial architecture tests, which are
detailed in Table 2, indicated a notable advantage of the hyperbolic
tangent activation function over others. Therefore, based on these
results and considering the differentiability properties of the hyperbolic
tangent function, which are beneficial for expected monotonic stress
behavior and the need for tangent operators in future finite element
(FE) multiscale computations, this function was chosen for further
investigation.

The optimal architectures for each of the three models are presented
in Table 3. These selections were informed by a comprehensive eval-
uation of performance metrics, taking into account both accuracy and
the computational efficiency of the models.

4.4. Prediction results and performance evaluation

As previously stated, macro-micro coupled multi-scale analyses
necessitate a substantial amount of RVE computations at the integration
points of macro-scale model to derive the corresponding effective stress
and tangent stiffness. In this section, a quantitative examination of
the prediction accuracy for effective stress will be performed at the
microscopic scale, aiming to compare the performance discrepancies
among different surrogate models. As for the tangent stiffness, due
to the architecture of current ANNs and the differentiability of the
chosen activation function, it can be computed through automatic
differentiation provided by TensorFlow library at low computational
expense.

4.4.1. Predicted effective stress

In the current validation test, an arbitrary strain direction, dirTS
(refer to Table 4), was selected from the test dataset to serve as the
representative direction for related examination, while applying varied
strain magnitudes to explore the prediction trend. Fig. 5(a) demon-
strates the predictions of macroscopic Von-Mises equivalent stress by
different prediction models under varying strain magnitudes for the
aforementioned representative direction. The results reveal that the
ANN_ROM, trained on the dataset computed via the ROM, aligns fairly
well with the ROM computational results. However, under strongly
non-linear circumstances, or when ||€|| is significantly large, there may
be a loss of accuracy or even prediction failure. The ANN_FOM, trained
with data computed from the FOM, mitigates this loss to a certain
degree, approaching the accurate solution derived directly from the
FOM, but a certain predictive error is still inevitable due to the limited
volume of data used. Among all prediction models, the ANN_TL model,
trained on datasets derived from both reduced and full order models,
exhibits the highest accuracy.

Fig. 5(b) presents a comparative analysis of the predictions from
various models on the test dataset, utilizing different error evaluation
functions. The FOM computational results serve as the reference here.
Apart from the results evaluated via the MRNE, all other error functions
exhibit a pattern consistent with that depicted in Fig. 5(a). However,
it is clear that the ANN_FOM’s predictions on the test dataset are
slightly inferior to the ROM in terms of the MRNE. This disparity
can be ascribed to the choice of input features and the selection of
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Fig. 5. Predicted results from various surrogate models on the test dataset in the representative direction dirTS.
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Fig. 6. Cumulative distribution functions of cubed root of standard error (SE) for
different surrogate models.

loss function within the neural network. Yet, for all error evaluation
functions, including MSE, MRNE and R, the predictions made by the
ANN_TL surrogate model surpass those from other prediction models.

To further understand the error distribution of different prediction
models, the error distribution curves obtained by different prediction
models are plotted in Fig. 6. From these error curves, it is clear that
the ANN_TL surrogate model demonstrates commendable accuracy. The
90% quantile line of the ROM suggests that the upper limit of error
in 90% of the sampling points with smaller standard error (SE) from
all test dataset is 24.153. This value significantly exceeds the error
upper limits of both the ANN_TL and the ANN_FOM, indicating that
the prediction accuracy of most sampling points from the ANN_TL and
the ANN_FOM far surpasses those of the ANN_ROM and the ROM.
Moreover, an intersection at a vertical coordinate of 0.4865 can be
noticed between the error curves of the ROM and the ANN_FOM in
this figure. This implies that 48.65% of the predictions made by the
ANN_FOM surrogate model have errors greater than those of the ROM.
This observation validates the need for a more accurate surrogate
model, despite the ANN_FOM outperforming the ROM as shown in
Fig. 5(a).

The violin plot in Fig. 7 illustrates the distribution of relative
norm error (RNE) of different strain magnitudes in the test dataset
for the ANN_TL model. It can be observed that despite the presence
of significant outliers, i.e., relative norm errors exceeding 0.15, at
low strain magnitudes, the majority of the sample points still have
relative norm errors less than 0.05. This implies that the predictions of
the surrogate model remain accurate in most instances. Furthermore,

Mean
Median

0.15

0.1

$b414

0.00019 0.00079 0.0026  0.0081
|lell

RNE

0.025

Fig. 7. Distribution of relative norm error in ANN_TL predictions for different strain
amplitudes.

the error distribution exhibits a higher degree of dispersion at lower
strain magnitudes. This is attributed to the heightened sensitivity of
macroscopic stress to strain magnitudes at lower strain levels, coupled
with a smaller volume of target domain data at the cases of lower strain
magnitudes, which can potentially lead to underfitting in the ANN_TL
surrogate model.

To visualize the predicted macroscopic stress distribution from the
ANN_TL and the ANN_FOM, a comparison is made of the square error
distribution scatter plots for both models, as shown in Fig. 8. To
facilitate the construction of the scatter plots, a plane with ¢3 = 0
was chosen for sampling, that is to say, sampling point coordinates
€ = (£),6),63,64) = (||£||c0s(N;[r27r), 0,0, ||6||sin(N;ir27r)) was adopted,
where i = 1,2,..., Ny;,.. The sampling direction number N,;. was set to
64, and the amplitude number N,,,, was 25. A comparison of Figs. 8(a)
and 8(b) indicates that the prediction accuracy of the ANN_TL exhibits
a significant enhancement over the ANN_FOM. It should also be noted
that the maximum square error shown in Fig. 8 predominantly resides
in regions of high macroscopic strain amplitude, which aligns with
expectations. Furthermore, a symmetric tendency is observed in the
overall square error distribution, attributed to the inherent symmetry
of the RVE model under investigation in this study.

In order to further investigate the prediction performance of the
ANN_TL, the same sampling points used in Figs. 8(a) and 8(b) were
retained. Their corresponding relative norm errors were calculated,
and scatter plots of these errors were constructed in a similar fashion,
the results of which are shown in Fig. 9. The ANN_TL demonstrates
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Fig. 8. Squared SE distribution of predicted results from different surrogate models.
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Fig. 9. RNE distribution of macroscopic stress predicted by the ANN_TL on the 2D
strain space.

satisfactory prediction of macroscopic stress in most cases, with relative
norm errors predominantly below 0.1. The central minor region, where
the relative norm error around 0.1, is predominantly due to the scarcity
of input data at lower strain magnitudes. Additionally, from a machine
learning perspective, neural network surrogate models are data-driven
with no inherent physical principles. The comparative error distribution
across the trained domain of the three ANNs was illustrated in Fig. 10.
The error metric employed here is the average Relative Norm Error
(RNE), defined as:

— 1
RNE = —— Z RNE.
dir dir

(23)

Consistent with earlier findings, all models exhibit heightened er-
ror rates at very low magnitude inputs. Notably, the ANN_TL model
demonstrates a higher sensitivity at these low magnitudes, but the error
decreases substantially as the input magnitude increases. In terms of
overall error, the ANN_FOM and ANN_ROM models register approx-
imately 10% and 20% errors, respectively. In contrast, the ANN_TL
model maintains a lower error rate of about 5%. This result under-
scores the effectiveness and efficiency of the proposed transfer learning
method in the whole trained domain.
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Fig. 10. Average relative norm error RN E of prediction results across whole trained
domain from different surrogate models.

4.5. Impact of Hyperparameter on the ANN_TL

4.5.1. Dataset size

In the ANN_TL approach, datasets from the ROM and the FOM
serve as the foundation for pre-training and fine-tuning the neural
network, respectively. The impact of training data volume on the
outcome will be discussed in this subsection. The ANN_TL was tested on
a test dataset comprising 256 directional samples, and the regression
coefficient R2, as previously referred to in Section 3.3, was retained
as the performance metric. The ROM and FOM datasets’ sampling
amplitudes were consistently held at NfOM = 25 and NJOM = 5.
Dataset size varied with the selection of different sampling direction
quantities. Consequently, regression coefficient R2 curves for distinct
datasets can be illustrated in Fig. 11. Two key findings regarding NXO™
and NFOM can be derived from Fig. 11 as follows.

For the ROM dataset, a weak correlation exists between the ROM
data quantity and predictive accuracy when sampling direction exceeds
50. Due to the neural network’s propensity to settle in a local optimum,
the regression coefficient curve even might present local decreases.
Hence, augmentation of the ROM (source domain) dataset size in
the transfer learning will reach a threshold in enhancing predictive
accuracy. Furthermore, an enlargement of the FOM dataset corresponds
to a less pronounced fluctuation in the regression coefficient R2, with
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Fig. 12. Influence of npc; and npr; on prediction accuracy.

the value nearing 1. This indicates that the prediction performance of
the ANN_TL surrogate model improves with the increase of the FOM
(target domain) dataset size. However, the impact of the FOM dataset
size is also limited when the NFOM is larger than 8.

4.5.2. Fine-tuning layer number

In the ANN_TL approach, there are two crucial steps: pre-training
and fine-tuning. During the pre-training step, all the fully connected
layers (FCLs) are trained, while in the fine-tuning stage, the shallow
layers are frozen, and only the parameters in the fine-tuning layer(s)
(FTLs) are adjusted. In this section, the influences of the number of fully
connected layers (npc;) and fine-tuning layers (npy;) on the predicted
accuracy are discussed.

Fig. 12 demonstrates the correlation between the regression co-
efficient of predicted outcomes from the ANN_TL and the numbers
of network layers such as npc; and nppp. It is evident that neural
networks exhibit comparable performance when the total number of
fully connected layers ranges between 5 and 7. This implies that in
most scenarios, alterations to the number of fully connected layers
when exceeding 4 induce minimal impact on the ANN_TL prediction
performance. Furthermore, it is generally observed that an increment in
the number of fine-tuning layers enhances network prediction accuracy,
despite satisfactory accuracy also being achieved at the minimum
number of the fine-tuning layers. This phenomenon is attributable to
the distinct data qualities of the source and target domains. Hence, from
the perspective of improving accuracy of the ANN_TL surrogate model,
the pre-trained network parameters are optimally employed as initial
parameters, poised for iterative updates utilizing the accurate dataset
from the target domain throughout the training process [41]. However,
it will increase the network-training cost when increasing the number
of the fine-tuning layers.
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Fig. 13. Comparison of regression coefficients r? from ANN_TL and ANN_FOM
predictions.

Table 5

Computational cost comparison between ANN_TL and ANN_FOM.
ID Ri Numbers of FOM Numbers of ROM Time/min
ANN_FOM 0.9986 52 x 25 0 95
ANN_TL 0.9987 20 x 25+ 12 x5 64 x 5 50

4.6. Discussion on computational cost

As mentioned previously, the current transfer learning approach in-
volves two steps: initially, the ROM generates dataset (source domain)
for the initial network training (ANN_ROM), which is then fine-tuned
(ANN_TL) using results from the FOM (target domain). However, prior
to generating source domain dataset, a small amount of FOM compu-
tations are required to derive the ROM. Thus, even though the FOM
data volume used for network parameter fine-tuning in the ANN_TL is
much less than that used in the direct, single-pass training of neural
network to generate a surrogate model (ANN_FOM), the extent of data
volume difference between the ANN_TL and the ANN_FOM remains
a key concern in this study. This difference directly determines the
offline computation cost. Once the neural network training is complete,
subsequent online computations yield immediate results, rendering
them virtually cost-free in terms of time.

In Section 4.5.1, it has been shown that when the strain direc-
tional sampling number of the ROM (NX9M) is more than 50, further
increases yield negligible performance enhancement for the ANN_TL.
At this point, the surrogate model’s prediction accuracy primarily
relies on the quantity of the FOM dataset (#DF°M). Hence, in the
efficiency comparison between the ANN_TL and the ANN_FOM, the
directional sampling number used for pre-training the network is set
to NROM = 64, To achieve this ROM, a small amount of the FOM
data (12 x 5 = 60 data points) was generated. Moreover, to prevent
training discrepancies due to variations in the sampled strain amplitude
number (N,,,), the amplitude sampling numbers were kept consistent
in both the ANN_TL and ANN_FOM methods, i.e., NJOM = NXOM =
25. The predictive performance and efficiency differences between the
two surrogate models were evaluated by comparing the regression
coefficients (R:"r) under different strain directional sampling numbers
(Ny;,), as demonstrated in Fig. 13. This figure reveals that the ANN_TL
achieves high accuracy with minimal FOM data, whereas the ANN_FOM
requires substantially more FOM data and offline computation time.
For instance, when comparing data points with similar regression co-
efficients (Ri) from both the predicted curves (see circled points in
Fig. 13), it was found that achieving the same computational accuracy
requires nearly double the computational volume for the ANN_FOM in
comparison with the ANN_TL, as shown in Table 5. Hence, the ANN_TL



C. Nan et al.

surrogate model considerably reduces the computational demand of the
full-order model.

5. Summary and outlook

In homogenization computations of composite materials, traditional
numerical methods utilized for evaluating the effective mechanical
properties of RVEs necessitate substantial computational resources. Ma-
chine learning-based surrogate models, due to their significant reduc-
tion in computational cost, have currently gained academic attention.
This study introduces a transfer learning strategy integrated with the
ROM, which notably lowers the offline computational cost of surrogate
models while maintaining predictive accuracy. Given the marginal
online computational cost of surrogate models, near-instantaneous re-
sults can be acquired, thereby substantially enhancing efficiency in
macro-micro scale coupled computations for composite materials and
structures.

Evidence indicates that the present method exhibits strong predic-
tive performance. In the offline computational phase of the current
validation example, the present approach reduces computational costs
by half compared to traditional neural network techniques. More-
over, this transfer learning technique successfully tackles the accuracy
loss issue in strong nonlinearity scenarios inherent in the ROM. The
present example using the ANN_TL demonstrates an order of magnitude
improvement in prediction accuracy compared to the ROM.

Although the proposed method suits for a broad class of hyperelastic
materials, it cannot handle real plasticity problems that require cor-
relation with history-dependent loading inputs. This limitation stems
from the inherent constraints of the feed-forward neural network ar-
chitecture. Addressing path-dependent material laws necessitates net-
works capable of processing sequential data, such as Recurrent Neu-
ral Networks (RNNs). Future research can focus on applying similar
methods in various types of nonlinear multi-scale simulations [45,46].
Furthermore, by integrating the present method with hyper-reduced
methods [47] and hierarchical approximation-based parallel comput-
ing [48], computational efficiency in addressing composite materials’
problems can be further enhanced.
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